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My primary research interests are in symplectic geometry, contact geometry and non-
linear analysis, with particular emphasis toward the study of periodic orbits in Lagrangian
and Hamiltonian dynamics. These subjects are at the crossroad of many disciplines, such as
geometric analysis, algebraic and differential topology, and differential geometry. I am also
interested in Aubry-Mather theory and weak KAM theory, especially in view of the recently
arisen connections with symplectic geometry (see e.g. [PPS03,Ber07,Vit08,SV10,CFP10]).
As an undergraduate student, I worked on the algebraic theory of inverse semigroups.

1. Summary of obtained results

1.1. Results in Lagrangian dynamics. In Lagrangian dynamics, the orbits of a system are
characterized by a variational principle: they are critical points of the Lagrangian action
functional. The study of existence and multiplicity of certain types of orbits (e.g. periodic
orbits or, more generally, orbits with a prescribed boundary condition) can be carried out
by applying global methods from critical point theory, for instance Morse theory, Lusternik-
Schnirelmann theory, Conley theory and so forth, see e.g. [Cha93,Con78,BH04]. In order
to apply these techniques, one needs to find a suitable setting for the action functional: a
space of curves that has the structure of a (possibly infinite-dimensional) smooth manifold
on which the functional is sufficiently smooth, say C2, and has sufficiently compact (in a
weak sense) sub-levels. In my Ph.D. thesis [Maz09], I considered Lagrangian functions that
are fiber-wise convex with quadratic growth, and I developed a finite-dimensional functional
setting for the associated Lagrangian action: in this setting, the domain of the action is
given by continuous curves that are piece-wise solutions of the Euler-Lagrange equation.
This may be seen as a generalization of Morse’s broken geodesic approximation of the
path space (see [Mil63]). In this setting, the action becomes a C∞ function with compact
sub-levels. By combining this with a modification technique developed by Abbondandolo
and Figalli [AF07], I could deal with the more general class of Tonelli Lagrangians: these
are fiber-wise convex and super-linear Lagrangians with global Euler-Lagrange flow. The
Tonelli class is arguably the most important in Lagrangian dynamics: it is indeed the
broadest class of coercive Lagrangians admitting a Hamiltonian dual. Moreover, it is the
class considered in Aubry-Mather theory and weak KAM theory (see e.g. [Mat91,Fat08]).

As an application of the functional setting that I developed in my thesis, I could extend
celebrated results by Long [Lon00] and Lu [Lu09], establishing a Lagrangian version of the
so-called Conley conjecture for the full class of Tonelli Lagrangians: every non-autonomous
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and time-periodic Tonelli Lagrangian system on a closed configuration space admits infin-
itely many periodic orbits with uniformly bounded mean action. Moreover, I proved that
either infinitely many of these orbits have the same basic period as the Lagrangian, or
there are orbits with arbitrarily high period. These results appeared in [Maz11c].

The functional properties of the Lagrangian action are often overlooked in the literature.
By means of my functional setting, I could provide a solid foundation and recover most
of the proofs of published results affected by this problem. An extensive treatment is
contained in my monograph [Maz11a], which will be published in December 2011.

1.2. Results on billiards. Billiard dynamics studies the motion of a point particle inside
a compact domain of the Euclidean space which moves along straight lines with constant
speed until it reaches the boundary of the domain, where it bounces with specular reflection
and with no loss of energy. The study of periodic orbits in billiards began with Birkhoff
[Bir27, Bir66] who investigated their existence and multiplicity when the billiard table is
a convex compact subset of R2 with smooth boundary. In higher dimension, the same
problem was addressed by Babenko [Bab90], Farber and Tabachnikov [FT02b, FT02a],
Farber [Far02] and Karasev [Kar09]. Their results can be summarized by saying that the
number of periodic billiard trajectories inside a convex region of RN and whose number of
bounce points divides a given odd n ∈ N grows at least linearly in n.

In my paper [Maz10], inspired by the work of Bott [Bot56] and Gromoll and Meyer
[GM69b] on the closed geodesics problem, I developed an iteration theory for periodic
billiard trajectories. More specifically, a periodic billiard trajectory bouncing n times is a
critical point of the perimeter length functional `n defined on the space of n-gons inscribed
in the billiard table. By applying Morse theory to the functional `n, one finds two possible
types of critical points: the ones corresponding to closed billiard trajectories bouncing
n times, and the ones corresponding to iteration of closed trajectories whose number of
bounce points divides n. In my paper, I investigated the behavior of the Morse indices and
of the local homology of billiard trajectories under iteration. As an application, I could
establish a new multiplicity result for non-iterated periodic billiard trajectories with small
Morse co-index with respect to the perimeter length functional.

For non-convex billiard tables, the perimeter length functional does not provide a good
variational setting anymore: indeed, some of its critical points correspond to orbits that
leave the table. In the 1980’s, Benci and Giannoni provided a new approach for the
periodic orbits problem in non-convex billiards. They considered systems where a particle
moves inside the table according to a Hamiltonian flow, and then bounce at the boundary
according to the usual bouncing rule. Their idea was to see this system as a limit of
smooth Hamiltonian systems whose Hamiltonians blow-up close to the boundary of the
configuration space. By using classical variational methods, they could prove the existence
of periodic bounce orbits with a prescribed period and number of bounce points suitably
bounded. In a recent joint work with Peter Albers [AM11], we combined the approach of
Benci and Giannoni with techniques from symplectic geometry to obtain a dual statement
in the same setting: the existence of periodic bounce orbits with prescribed energy and
number of bounce points bounded by the dimension of the billiard table plus one. Both
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Benci and Giannoni’s and our statements imply the existence of one periodic orbit in any
non-convex billiard with smooth boundary.

1.3. Results on inverse semigroups. Inverse semigroups are algebraic objects that gener-
alize the notion of groups: they are semigroups S such that every s ∈ S admits a unique
generalized inverse s−1 ∈ S with the property that s = ss−1s and s−1 = s−1ss−1. This
notion has been introduced in the 1950’s by Vagner [Vag52] and Preston [Pre54] (see
also [Pet84]). In 1990, Stephen [Ste90] introduced presentation for inverse semigroups, es-
tablishing the foundations for a combinatorial theory in this category. In a joint paper with
Alessandra Cherubini [MC08], we study amalgamated free products of inverse semigroups.
Our main result asserts the decidability of the word problem for a broad class of finitely
presented amalgamated free products under mild conditions on the amalgam.

2. Summary of ongoing and future projects

2.1. The Conley conjecture and (non-)isolatedness of topologically degenerate orbits. In
1984, Conley [Con84] conjectured that every Hamiltonian diffeomorphism of the standard
symplectic torus has infinitely many periodic points. This celebrated conjecture has been
recently established by Hingston [Hin09] and further extended to more general closed sym-
plectic manifolds by Ginzburg and its collaborators [Gin10, GG10b, Hei09, GG10a]. Their
arguments are based on a hard result asserting that, in a Hamiltonian system, a special
type of periodic orbits, sometimes called topologically degenerate, have average action that
is not-isolated in the set of average actions of periodic orbits. In an ongoing project, I wish
to provide a new and more transparent proof of this result. Starting with the case of the
torus, I wish to combine the machinery of generating functions with homological tech-
niques developed by Bangert and Klingenberg [Ban80a,BK83], in order to prove the above
statement. A preliminary version of my work is available at [Maz11b]. I believe that this
approach may allow to prove that topologically degenerate periodic points are not isolated
in the set of periodic points of a Hamiltonian diffeomorphisms. On the one hand, this
would answer positively a question posed by Hingston in [Hin09]. On the other hand, this
would allow to provide a new simple proof of the Conley conjecture also in more general
closed symplectic manifolds.

A related project I am currently working on is devoted to the study of the isolatedness
of topologically degenerate periodic orbits in Tonelli Lagrangian systems. Currently, by
applying the results contained in my thesis, I could reduce this study to more fundamental
questions about the maximal size of Gromoll-Meyer neighborhoods (see [GM69a, CG96])
of isolated critical points of abstract smooth functions. I believe that the results that I
will obtain in this project may have independent interest, beyond the scope of Lagrangian
dynamics.

2.2. Low-energy periodic orbits in autonomous Lagrangian systems. In his recent preprint
[Con06], Contreras summarized all the known results about periodic orbits of autonomous
Tonelli Lagrangian systems on closed configuration spaces. It is well known that Lagrangian
dynamics in low energy levels, where low means below the so-called Mañé critical value, is
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extremely different from the one in high energies, which is conjugated to a Finsler geodesic
dynamics. Currently, the best known result about periodic orbits with low energy is merely
an existence one: for almost every energy level below the strict Mañé critical value there
is at least one periodic orbit. In a joint project with Alberto Abbondandolo and Gonzalo
Contreras we wish to study the multiplicity of periodic orbits in these low energy levels.
The main difficulty in the project is the lack of a suitable setting for the Morse theory, as
opposed to the high energy case where there is a suitable choice of loop space on which
the Lagrangian action is smooth and has compact sub-levels (in the weak Palais-Smale
sense). At this stage, our goal is to prove that any low energy level contains infinitely
many periodic orbits provided it contains only hyperbolic periodic orbits or it contains
at least a special, topologically degenerate, periodic orbit. Here, topologically degenerate
has an analogous meaning as in the Hamiltonian situation, mentioned in section 2.1: an
orbit is topologically degenerate when infinitely many of its iterations have non-trivial local
homology (as critical point of the action functional, see [Mor96,GM69a,Cha93]) in a fixed
degree.

2.3. Leaf-wise intersections on energy hypersurfaces. In a joint project with Will Merry
we study the multiplicity of leafwise intersections in cotangent bundles. This is a variation
of the periodic orbits problem, formulated in the late 1970s by Moser [Mos78] and further
investigated by many authors [Ban80b,Hof90,EH89,Gin07,Dra08,Zil10,Gür10]. Given an
exact symplectic manifold (W, dλ), a restricted contact-type hypersurface (Σ, λ|Σ), and a
Hamiltonian diffeomorphism φ : W → W , a point of Σ that is mapped by φ into the same
Reeb leaf of Σ is called leafwise intersection point. In their recent papers [AF10, AF08],
Albers and Frauenfelder showed that leafwise intersections arise as critical points of a
suitable perturbation of the Hamiltonian free-time action functional. For this perturbed
functional, they developed a suitable version of Floer homology, called Rabinowitz-Floer
homology. As an application, they established the existence of infinitely many leafwise
intersections, provided W is a symplectically standard cotangent bundle over a suitable
closed base space, Σ is a generic hypersurface, and φ is a generic diffeomorphism. If one
removes the genericity assumption on φ, their proof fails: indeed, it may happen that the
infinitely many critical points of the perturbed action that they find correspond to the
same leafwise intersection lying on a closed Reeb leaf. In my ongoing project with Will
Merry, we wish to prove that this is never the case. In order to reach this goal, we plain
to introduce a localized version of Rabinowitz-Floer homology, and then to develop an
iteration theory, analogous to the one for closed geodesics (see [Bot56, Maz11a]), in the
setting of leafwise intersections.

In another joint project with Sheila Sandon, we study the multiplicity of translated points
of contactomorphisms in contact Euclidean spaces. Translated points are a special class
of leafwise intersections: in a contact manifold with cooriented contact structure (M,α), a
point x ∈M is called translated by the contactomorphism ψ : M →M when it is mapped
by ψ into the same Reeb leaf and ψ∗α is equal to α at x. If (M,α) = (J1Rd, dz−y dx) and
ψ is a positive contactomorphism, i.e. it is positively transverse to the contact distribution,
Sandon [San11] could employ spectral invariants techniques for generating functions (see
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[Vit92, Bhu01, San10]) in order to assert that the set of iterated translated points of ψ,
that is, the union of the translated points of all the iterated compositions of ψ, is infinite.
By removing the positivity assumption on ψ, her proof fails: indeed, the translated points
that she finds as critical points of associated generating functions may all correspond to a
same fixed point of ψ. In our joint project we wish to remove this positivity assumption,
in order to obtain a complete multiplicity result. By investigating the properties of the
local homology of generating functions, we expect to be able to prove that any fixed point
of ψ arising from a spectral invariant of a generating function for ψ will not arise from a
spectral invariant of a generating function for ψk provided k ∈ N is sufficiently large.

2.4. Iteration map in Floer homology. In a joint project with Frol Zapolsky, we wish to
construct and study the loop-iteration map in the context of Floer homology of cotangent
bundles. A celebrated result due to Viterbo [Vit99] and reproved independently by Salamon
and Weber [SW06] and Abbondandolo and Schwarz [AS06] asserts that the Floer homology
of a time-periodic Hamiltonian defined on a symplectically standard cotangent bundle
T∗M , where M is a closed manifold, is isomorphic to the singular homology of the free
loop space ΛM . By means of this isomorphism, one can see the homology homomorphism
induced by the loop nth-iteration map Ψn : ΛM → ΛM as a homomorphism between
the Floer homology of a Hamiltonian H and the Floer homology of the Hamiltonian H(n)

whose time-1 map is the time-n map of H. The goal of our project is to construct a Floer
chain map inducing this homomorphism in Floer homology. Such a construction should
then be extended to the action-filtered version of Floer homology, where we expect the
map to have the same vanishing property of the analogous map in loop space homology
(see [BK83,Maz11c,Maz11a]). Beside from being interesting on its own as an investigation
of the functoriality properties of Floer homology, this construction would have an important
application: it would allow to provide an alternative, simple, proof of Hein’s result [Hei11]
that establish the Conley conjecture for suitable Hamiltonians that are Tonelli at infinity
in cotangent bundles. Moreover, our study may suggest an analogous construction for the
Floer homology of closed symplectic manifolds, where there is no correspondence with loop
space homology: this would provide a completely new approach to the results of Ginzburg
and his collaborators [Gin10, GG10b, Hei09, GG10a] on the Conley conjecture in suitable
closed symplectic manifolds.

2.5. Euler-Lagrange billiards. In a joint project with Peter Albers, we investigate a general
notion of billiards, that we call Euler-Lagrange billiards, and the multiplicity of periodic
orbits therein. Our systems are defined by a compact configuration space M ⊂ RN with
smooth boundary, and a Lagrangian L : TM → R that is C1 along the zero section, while
it is C∞ and Tonelli outside. A suitable variational principle involving the free-time action
functional provides a natural bouncing rule for these systems: at an impact time t, an
orbit γ preserves its Lagrangian energy, and modifies its velocity so that Tγ(t)∂M is the
kernel of the covector ∂vL(γ(t), γ̇(t+)) − ∂vL(γ(t), γ̇(t−)). This bouncing rule reduces to
the usual billiard one when the Lagrangian is a squared Riemannian norm, and it agrees
with the one recently defined by Gutkin and Tabachnikov [GT02] when the Lagrangian is
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a squared Finsler norm. We expect to extend the validity of our result [AM11] described
in section 1.2 to this general setting. This would provide, in particular, new results on
periodic orbits in magnetic and Finsler billiards in non-convex configuration spaces.
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